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Abstract 
We prove that for every 5-connected plane triangulation T, and for every set ,~¢ of facial 
cycles of T there is a Hamiltonian cycle in T that contains two edges of each cycle in x¢. 
provided any two distinct cycles in .~' have distance at least three in T. (It remains open, 
whether a similar statement holds true if distance at least three is replaced with distance at least 
two or one.) Furthermore, it is shown that there is no such theorem for non-5-connected plane 
triangulations. @ 1998 Elsevier Science B.V. All rights reserved 
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1. Introduction 
In 1931 Whitney [8] proved that every 4-connected plane triangulation has a Hamil- 
tonian cycle and in 1956 Tutte ([6,7]) extended this to all 4-connected planar graphs. 
In fact, Tutte proved a considerably stronger theorem which has some remarkable 
corollaries. One of them is the following theorem. 
l. 1. Let G be a 4-connected plane graph, let C be a facial cycle of G, and e, f 
E(C). Then there is a Hamiltonian cycle D in G with e , f  E E(D). 
The theorems of Whitney and Tutte have been generalized and modified in various 
ways, see e.g. [1-5].  As a corollary of one of their lemmata Thomas and Yu obtain 
in [4] the following theorem. (The same theorem has been proved independently by 
Sanders in [3].) 
1.2. Let G be a 4-connected plane 9raph, let C be a JiTcial cycle of G of len.qth at 
least.[bur, and let el,e2,e3 E E(C). Then there is a Hamiltonian cycle D o[ G 
with el,e2,e3 E E(D). 
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In view of Theorems 1.1 and 1.2, the following question is of some interest: Given 
a 4-connected planar graph G and a subset F of edges of G, under which conditions 
is there a Hamiltonian cycle D of G with F _C E(D)? 
In the present paper we deal with a similar question for plane triangulations. Our 
first result reads as follows. 
1.3. Let T be a 5-connected plane triangulation and let d be a set of 3-cycles of 
T such that any two distinct 3-cycles in d have distance at least three. Then 
there is a Hamiltonian cycle of T containing two edges of each 3-cycle in d .  
It is easy to see that the condition for the distance of any two 3-cycles in s¢¢ cannot 
be dropped. However, it is open whether it can be replaced with distance at least two 
or one. Our second result shows that there is no such theorem for plane triangulations 
which are not 5-connected. 
1.4. Let s be a non-negative integer. Then there exists a 4-connected plane triangu- 
lation Ts and a set ~4 of seven 3-cycles in Ts such that the distance between 
every two 3-cycles of d is at least s and for every Hamiltonian cycle D of Ts 
there is a 3-cycle A c d with E(D) N E(A) = O. 
We end this section with some remarks on terminology and notation and mention 
some well-known facts. All graphs considered here are finite, undirected and simple, 
that is with no loops or multiple edges. A plane graph is a planar graph with a fixed 
embedding in the euclidean plane. The faces of a 2-connected plane graph are bounded 
by cycles, the so called facial cycles. A plane graph is a plane triangulation if all its 
faces are bounded by 3-cycles. A plane triangulation on at least four vertices is 3- 
connected. A subset S of the vertex-set V(G) of a graph G is said to be a separating 
set if the graph G-  S obtained by deleting the vertices of S has more connected 
components han G. A separating set S is minimal if no proper subset of S is separating. 
Without mentioning it in each case we will use the fact that a minimal separating set 
of a plane triangulation i duces a chordless cycle. I f  G is a connected graph the (graph- 
theoretical) distance da(x, y) between two vertices x, y of G is defined to be the least 
number of edges of an (x, y)-path in G. I f  Ht and//2 are subgraphs of a graph G, the 
distance between HI and//2 is defined as min{da(x,y)lx E V(HI ),y E V(H2)}. 
2. Proofs 
Proof of 1.3. Since T is 5-connected all 3-cycles of T are facial cycles. I f  Is~¢ I -%< 1, 
then the statement follows immediately from Tutte's theorem. Thus, we may assume 
Idl~>2. 
Let A be a 3-cycle in ag and denote by N(A) the set of those vertices in V(T)\  V(A) 
which have at least one neighbor in V(A). Using the facts that T is a 5-connected plane 
triangulation and that A is a 3-cycle of T, it is not hard to prove that N(A) induces a 
chordless cycle in T which will be denoted by C(A). Obviously, N(A) separates V(A) 
T. B6hme, J. HarantIDiscrete Mathematics 191 (1998) 25-30 27 
and UB~,cJ\{A} V(B). Thus, C(A) has length at least five. Moreover, if A,B E s¢ and 
A CB,  then N(A)NN(B)  = O. 
Let T' be the plane graph obtained from T by deleting all vertices in U.4E~/V(A). 
It is easy to see that every face of T' is bounded either by a facial cycle of T or by 
a cycle C(A) with A E ~ and, for every A E o~', C(A) bounds a face of T'. 
Claim 1. T' is 3-connected. 
Proof. Obviously, T' has at least five vertices. Let S' C_ V(T I) be a separating set of 
T' of minimal cardinality. Then S' t5 (UAE.~/ V(A)) = S is a separating set of T. Let 
R C S be a minimal separating set contained in S. T being a triangulation, R induces 
a chordless cycle on at least five vertices in T. Thus, for any A E ~',  IV(A)OR 142. 
If I{A E ~[V(A)MR # 0}[~<1, then IR f'lS~[>~3 and therefore IS'[>~3. 
If  I{A E ~[  V(A)nR # 0}1 >~2, then since any two distinct cycles in .~d have distance 
at least three in T it follows that IS' I >~ IR N S't >~4. [] 
Let T" be the plane graph obtained from T' as tbllows. Insert a new vertex v4 into 
each face of T' bounded by a cycle C(A), A E ~4. Let VA be adjacent o the (exactly 
three) vertices on C(A) which are adjacent o precisely two vertices of V(A) in T 
and to precisely one more vertex on C(A). (Since IN(A)I >~5 this is always possible.) 
Let T"' be the plane graph obtained from T" by adding all edges vAz with A E ,q/ 
and z E N(A), provided they are not already contained in E(T"). Notice that T'" is 
isomorphic to the graph obtained from T by contracting every 3-cycle A ~ ,~¢. Since 
C(A) is a chordless cycle for each A E sd, T'" is a 4-connected plane triangulation. 
Claim 2. T '~ is 4-connected 
Proof. It follows from Claim 1 that T" is 3-connected. Assume T ~/ not to be 
4-connected. Then there is a separating set S" of T" with three elements, say S" = 
{x, y,z}. Since T" is 3-connected and planar, T" -S"  has precisely two components, 
say H1 and H2, and since U"  is 4-connected there is an A E s /such  that v4 is adjacent 
in T'" to a vertex of/ /1 and to a vertex of/ /2.  Consequently, {VA,X, y,z} separates 
T'", induces a chordless 4-cycle in T'" and, therefore, IS" N N(A)I = 2. W.l.o.g. we 
may assume x,y E N(A). Let P1 and P~ be the two intemally disjoint (x,y)-paths 
C(A) is partitioned into by x and y. (Note that both Pi and P2 have inner vertices.) 
Let ni denote the number of vertices of V(A) which are adjacent in T to inner vertices 
of Pi, i E {1,2}. Since T is 5-connected nl >/2 and n2 >~2. It follows that there exists 
an inner vertex ul of P1 and an inner vertex u2 of P2 which are each adjacent o two 
vertices of V(A) in T. Consequently, v~ul E E(T")  and VAU2 E E(T"), contradicting 
the assumption that S" is a separating set of T". 
It follows from Tutte's theorem that there is a Hamiltonian cycle D" in T/'. Let 
A = {a,b,c} E ~¢ and let Vl, v2 be the neighbours of VA in D". It follows from the 
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definition of T" that there are two distinct vertices a, b E V(A) such that, in T, a is 
adjacent o vl and b is adjacent o v2. Let PA denote the path (vlacbv2). As it is easy 
to see that D = (D" - {VAIA E ed})U UAc,4PA is a Hamiltonian cycle in T with the 
desired property, that is, ]E(D)NE(A)I = 2 for every A E ~'.  
As an application of  1.3 we obtain the following Theorem 2.1. 
2.1. Let T be a 5-connected plane trianyulation, let ~4 be a set of facial cycles of 
T such that the distance between A,B E d is at least three for A ~ B and let 
H be the graph obtained by applying the following operation to all A E ~¢." For 
A E d take a 4-connected plane triangulation T~ and let A t be the outer facial 
cycle of TA. Insert TA in A by identifying A and A t. Then H is Hamiltonian. 
Proof. Consider A = {al,a2,a3} E d and the outer facial cycle A' = {a'F,a'9,d3} of 
TA such that ai and a~ are identified (i = I, 2, 3). Using 1.3 let D be a a Hamiltonian 
cycle of T containing the edges ala~, a2a3 and then using 1.1 let D ~ be a Hamiltonian 
)-path P cycle of TA containing the edge ala 3 . '  ~ Hence, there is a Hamiltonian (a~l, a3 
of TA. D is extended to a Hamiltonian cycle of H by replacing the edges a~a2,a2a3 
byP .  [] 
Proof of 1.4. Let G be a connected plane graph, and let C be a cycle of G. C can 
be viewed as a closed Jordan-curve in the plane, and so it divides the plane into two 
parts, say A and B. Suppose that VA = {x E V(G)]x E A} ~ 0, V~ = {x E V(G)] 
x E B} ¢ 0, and that the subgraphs G[VA], G[Vs] of G induced by VA, I/8, respectively, 
are connected. Furthermore, suppose that every vertex x E V(C) has precisely one 
neighbour XA in VA and precisely one neighbour xe in Vs, and assume that if x, y E 
V(C) (x ~ y), then XA ¢ YA or xB ¢ Ys. Let H denote the graph defined by V(H) = 
V(G) \ V(C) and E(H) = E(G[VA]) U E(G[Vs]) U {XAXsIX E V(C)}. Then G is said 
to be obtained from H by addin9 the cycle C. [] 
2.2. I f  G is obtained from H by addin 9 the cycle C then G is 4-connected if H is 
4-connected 
ProoL By Menger's theorem it suffices to prove that for any two distinct vertices 
x,y E V(G) there are four pairwise internally disjoint (x,y)-paths. We distinguish 
three cases. 
Case 1: x, y E V(H). H being 4-connected, there are four pairwise internally disjoint 
(x,y)-paths P1 . . . . .  P4 in H. I f  none of them contains an edge that is not in E(G), then 
there is nothing to prove. Let uv be an edge of Pj that is not in E(G). Then there is 
a vertex w E V(C) such that u = wA and v = wB. Obviously, the path P~l, obtained 
by replacing the edge uv with the path uwv is an (x, y)-path in G which is internally 
disjoint from P2 . . . . .  P4. Now the claim follows inductively. 
Case 2: x, y E V(C). Let Pl and P2 denote the two internally disjoint (x, y)-paths 
contained in C. Because G[V~] is connected, either XA = YA or there is an (XA,YA)- 
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Fig. 1. The graph G2. 
path in G[V~]. The same applies to xe and YB in G[VB]. Consequently, there are four 
internally disjoint (x, y)-paths in G. 
Case 3: x C V(H)  and y ~ V(C). Fix an orientation of  C, and let r and s denote the 
predecessor and the successor of  y on C, respectively. It follows from the assumptions 
made above that r has a neighbour zl ~ V(C), and s has a neighbour z2 ~ V(C)  such 
that the vertices yA,YB,Zl,Z2 are pairwise distinct. I f  x ~ {yA,yB,zl,z2}, then, since 
H is 4-connected, there are four pairwise internally disjoint paths in H connecting 
x with yA,ye,zl  and z2. It is easy to see that these paths can be extended to form 
four pairwise internally disjoint (x, y)-paths in G. Let x = zl and suppose w.l.o.g, that 
x = zt = rA. The graph H t obtained from H by deleting the edge rare is 3-connected. 
Consequently, there are three internally disjoint paths in H '  which connect x with 
zz, yA and y~, respectively. Again, these three paths can easily be extended to form 
three pairwise disjoint (x, y)-paths in G. Obviously, the path x = rA,r, y is internally 
disjoint from each of these three paths and so there are four pairwise internally disjoint 
(x, ),)-paths in G. The cases x = z2, x = YA and x = Ye can be treated similarly. [2 
Let T be a plane triangulation, and let ~4 be a set of facial 3-cycles of  T. Define 
T (d)  to be the plane triangulation obtained from T by inserting, for every A ~ ,~/, a 
new vertex vA into the face bounded by A such that VA is adjacent o the vertices of 
A and to no other vertices of  T. Then the following is easy to prove. 
2.3. T(~4) is Hamiltonian if and only i f  there is a Hamiltonian cycle D in T such 
that IE(D) N E(A)[ ~> 1 for every A E ~¢. 
Let Go be the graph of the octahedron and for a non-negative integer s let G~ be the 
plane graph obtained from Go by adding three arrangements each consisting of s cycles 
as shown in Fig. 1 for s = 2. Because of 2.2 G, is 4-connected for all s since Go is 
4-connected. By induction on s it is easy to prove that G,. has n,. = 6(s + 1) 2 vertices, 
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f~4) = 6(s+ 1 )2 -6  facial 4-cycles, a set ~ of  f~3) = 8 facial 3-cycles and the distance 
between two distinct facial 3-cycles of :~ is at least s. The graph Ts is obtained by 
inserting a new vertex into the interior of each facial 4-cycle and connecting it with 
the four boundary vertices of the facial 4-cycle. Obviously Ts is a 4-connected plane 
triangulation. Finally we want to prove that for a set d of any seven facial 3-cycles 
of :~ there is no Hamiltonian cycle of Ts containing at least one edge of each facial 
3-cycle of d .  
Assume this is not true. Then because of 2.3 the graph Ts(d) is Hamiltonian. If 
we remove the original ns vertices of Gs from Ts(A) we obtain f~4) _~_ 7 components. 
This contradicts the well-known property that for a Hamiltonian graph G and an 
arbitrary non-empty set S of vertices of G the number of components of G - S is at 
most IS 1. [] 
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